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Generic far-away-from-equilibrium many-body dynamics usually involve entropy production, and
hence are thermodynamically irreversible. Near quantum critical points, an emergent conformal
symmetry can impose strong constraints on entropy production rates, and in some cases completely
forbid entropy production, which usually occurs for systems that deviate from quantum critical
points. In this letter, we illustrate how the vanishing entropy production near a quantum criti-
cal point, and at finite temperatures, results in reversible far-away-from-equilibrium dynamics that
are otherwise irreversible. Our analysis directly relates the thermalization time scale to the hy-
drodynamic viscosity near quantum critical points with dynamical critical exponent z = 2. Both
controllable reversible and irreversible dynamics can be potentially studied in cold gas experiments.
Introduction In a generic many-body system, a net
entropy production usually occurs in far-away-from-
equilibrium dynamics, leading to irreversible processes.
A well known example is the free expansion of a weakly
interacting gas inside a box, when the gas is originally
confined in, say, the right half of the box. This energy
conserved process is irreversible since the total entropy
increases by N ln 2, where N(→ ∞) is the number of
particles. The entropy production simply reflects the ex-
ponentially larger number of micro-states at a given en-
ergy associated with the whole box compared with that
of half the box; there are 2N times more micro-states in
the whole box. The exponential increase of micro-states
results in an exponentially small probability for observ-
ing all N particles in either half of the box at any time,
and hence the dynamics are irreversible.
It is possible to have a similar general paradigm for
quantum dynamics with minor modifications. Let us con-
sider a generic interacting Fermi gas that is in thermal
equilibrium within a portion of the box, and let it ex-
pand into the rest of the box. In this case, the initial
state is highly excited from the point of view of a ther-
mal state of N -fermions in the whole box. The excitation
energy per particle will then be finite, and the resulting
dynamics will be far-away-from-equilibrium. During the
expansion, the initial state can be projected onto the N -
Fermion states in the whole box with the same average
total energy, E; the density of states, D(E,N), is expo-
nentially large at such a large energy. Indeed, a direct
count shows that for energies E/N  F , the density of
states, D(E,N →∞), scales as:
D(E,N) ∼ 1
E
exp(
3
2
N ln(E/F )) (1)
for a three dimensional box. Here F is the Fermi energy
of N -particle gas in the whole box of volume V , and E
is an extensive quantity.
In the standard thermalization paradigm, the initial
state will explore the canonical ensemble with average
total energy, E. The interactions, weak or strong, gener-
ically lead to an effective thermal mixture of these micro-
states after a sufficiently long time. The physical prop-
erties measured after the thermalization time scale typ-
ically do not depend on the specifics of the initial state
(except the initial energy), and are thus robust. Such
quantum dynamics are irreversible for the same reason
as the classical gas; there is an exponentially large num-
ber of micro-states for energy, E. Therefore, the proba-
bility to observe the gas in its initial state is practically
zero, and the dynamics are irreversible. It is then natu-
ral to assert that the dynamics resulted in an increase in
entropy due to the larger number of micro-states.
In this letter, we will focus on similar far-away-from-
equilibrium quantum dynamics for a system near a quan-
tum critical point. We will illustrate that unlike the free
expansion examples discussed above, releasing a strongly
interacting many-body state into the vacuum can occur
with zero entropy production.
Such a peculiar free expansion which conserves both
the energy and entropy is obviously distinct from the
previously discussed free expansion, which always comes
with entropy production, see Fig. (1) a). It is also dis-
tinct from typical adiabatic expansion processes in ther-
modynamics which conserve entropy, but do not conserve
energy, Fig. (1) b). To distinguish this peculiar energy
and entropy preserving expansion from the free and adia-
batic expansions defined in the standard thermodynamic
context [1], we name such an expansion free conformal
expansion, Fig. (1) c).
Our main conclusions are two-fold. First, when the
interactions are tuned to a quantum critical point with
dynamical exponent z = 2, a free conformal expansion
can be fully reversible under a time reversible action.
Second, away from the quantum critical point, a hydro-
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Figure 1. Illustration of entropy dynamics during a) generic
free expansion, b) an adiabatic expansion of weakly interact-
ing fermions, and c) in a free conformal expansion near a
critical point. The energy, E, is conserved in both a) and c)
but not in b). Each point in a)-c) represents a one-partcle
state that is either occupied (red open circle) or unoccupied
(solid dot). The number of possible N -body micro-states is eS
where S is the entropy. The thick solid line indicates the tem-
perature, T , far beyond which states are rarely occupied. In
a), the number of allowed micro-states states is exponentially
larger after expansion. In b), the energy is reduced because of
work done, but the number of occupied N -body micro-states
is constant. In c), the Boltzmann temperature, T , is rescaled
to T ′, in a way identical to b) so that the entropy is conserved;
however, the energy is also conserved since no work has been
done as in a) (see also Ref. [21]).
dynamic analysis suggests irreversible dynamics where
thermalization occurs at a time scale, τ , that is inversely
proportional to the bulk viscosity, ζ, i.e. τ ∼ 1/ζ. This
time scale approaches infinity when approaching a con-
formal symmetric critical point. In this letter, we focus
on an experimentally practical system, a Fermi gas near
a Feshbach resonance.
Entropy Production in Conformal Expansion The
quantum dynamics that we will discuss are dictated by
emergent non-relativistic scale and conformal symmetries
[2–4] near a critical point with dynamical critical expo-
nent z = 2. Examples of such a critical point are strongly
interacting electrons near Lifshitz transitions driven by
external pressures [5], or high dimensional atomic gases
with short-ranged s-wave interactions at a Feshbach res-
onance [6].
Generally, quantum critical points with emergent Gal-
liean invariance exhibit SO(2, 1) conformal symmetry [7–
11], in addition to the usual scale symmetries. One of the
remarkable dynamic consequences of conformal symme-
try is the absence of the bulk viscosity in the hydrody-
namics of systems in their normal state [12–14], although
the shear viscosity remains finite [15–18]. Recently, the
vanishing bulk viscosity has been further explicitly re-
lated to the emergence of strongly interacting conformal
tower states, and consequential density matrix dynam-
ics [19]. Indeed, another distinct feature of the general
SO(2,1) conformal dynamics is that the density matrix
will maintain the same amount of information during ex-
pansion. A conformal quantum fluid can therefore un-
dergo a free expansion into the vacuum with both energy
and entropy conserved. This is in stark contrast with the
free expansion of a classical thermal gas into a vacuum,
where the entropy always increases.
To facilitate this discussion, consider a resonantly in-
teracting Fermi gas in its normal state, confined in a three
dimensional harmonic trap of frequency, ω0, and at ther-
mal equilibrium with temperature, T0. A consequence of
the SO(2,1) conformal symmetry is that once the gas has
been released into free space without a confining poten-
tial, the physical state of the gas at an arbitrary time, t,
can be mapped onto an equilibrium state of a fictitious
projective Hamiltonian, Hproj(t), at temperature, T (t).
This mapping is exact up to a position dependent gauge
factor that induces a hydrodynamic current [19]. The
projective Hamiltonian is given by:
Hproj(t) = Hs +
1
2
ω2(t)
∫
dr r2ψ†(r)ψ(r) (2)
where Hs is the free space Hamiltonian of interact-
ing fermions at a quantum critical point, i.e. at reso-
nance. The physical Hamiltonian, Hphys, under which
the dynamics are studied, is simply Hs, i.e. Hphys =
Hproj(ω(t) = 0). In this representation both the fre-
quency, ω(t), and the temperature, T (t), are rescaled in
a time dependent fashion:
~ω(t) =
~ω0
λ2(t)
T (t) =
T0
λ2(t)
(3)
where λ(t) is a dynamical rescaling factor that is given
by (1 + ω20t
2)1/2 for the expansion into free space. The
projective equilibrium temperature, T (t), is rescaled in
an identical fashion to ω(t). Although the states of the
projective Hamiltonian become denser in energy space
as ω(t) decreases, the Boltzmann weight for a given state
is constant since ω(t)/T (t) is invariant in time. This is
depicted in Fig. (2). Therefore, the N -particle density
matrix at time t takes a simple form:
ρN ({ri} , {r′i} , i = 1...N ; t)
= ...
1
λ3N (t)
ρeq
({
ri
λ(t)
}
,
{
r′i
λ(t)
}
, i = 1...N ;
ω(t)
T (t)
)
(4)
3E a) ω(t)
t
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b)
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ω0
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Figure 2. a) The many-body spectra during the conformal
expansion. Solid lines are for the initial potential, and dashed
lines are for the projective Hamiltonian with ω(t) in Eq.(2).
The (dashed) bold thick line indicates the temperature, (T (t))
T0. b) ω(t) of the projective Hamiltonian after a quench of the
trapping potential from ω0 to ωf . The conformal dynamics
follows this projective trap frequency ω(t) while the physical
trap frequency, ωf is a constant shown as the dashed line.
where the subscript indicates the density matrix has the
equilibrium form, and we have ignored a gauge term that
is irrelevant to our discussions. The conformal structure
of Eq. (4) suggests that entropy must be conserved [21],
as the information content in the density matrix is pre-
served. Below we will explore the prospect of reversible
dynamics, as well as the consequences of entropy pro-
duction on the dynamics. We will illustrate there is an
explicit relationship between viscosity and thermaliza-
tion dynamics for systems with a conformal symmetric
quantum critical point.
Reversible Dynamics Let us again consider a reso-
nantly interacting, three-dimensional, normal Fermi gas
that is initially confined in a perfect harmonic oscillator
of frequency ω0, and equilibrated at temperature T0.
To verify the reversibility of the expansion and the
zero-entropy production, we further design a time-
reversal symmetric harmonic potential which mimics re-
leasing an N -Fermion state from a very small spatial re-
gion into a much larger region, and later on recollect-
ing the fermions in the initial spatial region. For our
purposes we choose the harmonic frequency to have the
form:
Ω(t) =
{
ω0 |t| > th/2
ωf |t| < th/2 (5)
where ω0  ωf . A schematic for this trapping potential
is shown in Fig. (3) a). The initial trap restricts the
fermions in a small spatial region for t < −th/2. At t =
−th/2, the fermions are released into a much flatter trap
with frequency, ωf . After a hold time, th, the trapping
potential reverts to its initial frequency.
Just as the case for the expansion into the vacuum, the
many-body system in this time depdendent harmonic po-
tential can be projected onto an equilibrium state defined
by a fictitious projective Hamiltonian, Hproj(t), with a
projective trapping frequency, ω(t), given by Eq. (3). For
this case λ(t) is given by:
λ(t) =
[
cos2(ωf (t+
th
2
)) +
ω20
ω2F
sin2(ωf (t+
th
2
)
]1/2
(6)
for |t| < th/2. As before, the statistical temperature,
T (t), will have the same time dependence as ω(t). Al-
though the physical state of the system can be mapped
onto an equilibrium sate of the projective Hamiltonian up
to a gauge, generally Hproj(t) is distinctly different from
the physical Hamiltonian Hphys = Hproj(ω(t) = ωf ) be-
tween −th/2 and th/2 [22], as shown in Fig. (2) b). Hence
the dynamic states are highly excited from the point of
view of Hphys, and are truly far-away-from-equilibrium.
To highlight this point, we simply consider an initial state
with exponentially small entropy, or T0  ~ω0. The dy-
namic state at ωf (t + th/2) = pi/2 will be dilated by a
factor: λ(t) = ω0/ωf , corresponding to an equilibrium
state of the fictitious potential: ω(t) = ω2f/ω0. However,
this state is (ω0/ωf )
1/2
( 1) larger than the size of the
ground state of the physical trap, ωf . Furthermore, as
the entropy remains nearly zero during the expansion,
this dynamic state can not be related to an equilibrium
state of Hphys with the same larger size as it would have
a much higher entropy. This concludes that the dynamic
state is truly far-away-from-equilibrium with respect to
the physical trap.
Let us now examine the motion of a Fermi gas in the
trapping potential given by Eq. (5). We summarize the
results of the reversible dynamics in Fig. (3). If the hold-
ing time, th, is matched to npi/ωf for some integer n, the
density matrix, Eq. (4), will exactly return to its initial
thermal equilibrium form, right as the trap returns to its
initial value. In this case, the dynamics not only con-
serve energy and entropy, but it is possible to completely
retrieve the initial quantum state. This retrieval is a full
many-body effect related to the conformal symmetry. For
different values of th, λ(t) will further oscillate at a fre-
quency ω0 when the initial trap is restored, as the gas
will not be in an equilibrium state of the initial trap.
Eqs. (4) and (6) are indicative of the existence of N -
body conformal tower states studied before [8–10, 19, 20].
The SO(2,1) symmetry suggests that the spectrum of
Hproj(ω(t) = ωf ) can be divided into a number of towers,
each labeled by conserved quantities such as the angular
momentum etc. Each tower hosts a set of states that
are equally spaced with a universal spacing 2ωf , inde-
pendent of the label for an individual tower. Following
Eqs. (4) and (6), the density matrix dynamics only in-
volves frequencies of 2nωf for n = 0,±1,±2.... Many-
body dynamics with a single fundamental frequency can
only occur if the eigenstates of Hprof (ω(t) = ωf ) have
this equally spaced character.
Irreversible Dynamics and Thermalization Time To
contrast the above reversible far-away from equilibrium
dynamics due to the emergent conformal symmetry with
4more conventional irreversible dynamics, we further ex-
amine the dynamics when the trapping frequency is
quenched from ω0 to ωf  ω0 at t = 0, but at finite
correlation lengths, ξ, where the conformal symmetry is
broken explicitly. We will focus on the hydrodynamic
limit where the dynamics at frequency ωf is much slower
than the intrinsic scattering rate, which is valid for a wide
range of temperatures near resonance, where atoms scat-
ter most frequently. In this case, the entropy is no longer
conserved resulting in a finite bulk viscosity, ζ. The hy-
drodynamic viscosity near quantum critical points has
been carefully calculated in a number of studies [23–26],
and the results obtained are consistent with the asymp-
totic analysis based on the breaking of conformal sym-
metry [19].
Here we examine the dynamics of the scaling parame-
ter in the presence of entropy production. Applying the
standard hydrodynamic techniques [18, 27, 28] to the mo-
ment of inertia, 〈r2〉(t) = λ2(t)〈r2〉(0), yields the follow-
ing differential equation for the scaling parameter:
d2λ2(t)
dt2
= 2
[
ω20 + ω
2
f
]− 4ω2fλ2(t)− ζ˜ dλ2(t)dt ; (7)
where ζ˜ = 9
∫
d3rζ(r, 0)/
(
mN〈r2〉(0)), with m being the
single particle mass [29]. At critical points when ζ˜ = 0,
the hydrodynamic solution for λ2(t) above is identical to
Eq. (6), the full quantum solution suggested by confor-
mal symmetry. This is fully consistent with the confor-
mal structure of the density matrix in Eq. (4), and the
microscopic conformal tower states discussed previously
[8–10, 19, 20]. Away from the critical points, the bulk
viscosity becomes finite; following [30], the entropy pro-
duction can be shown to be:
∂S(t)
∂t
=
9
4T0
∫
d3rζ(r, 0)
(
dλ2(t)
dt
)2
. (8)
Therefore by including the bulk viscosity, ζ˜ in the hy-
drodynamic equation, we are able to explicitly examine
irreversible dynamics in the vicinity of critical points, and
to investigate the relation between the thermalization
time scale, entropy production, and the viscosity. The re-
sults are shown in Fig. (3) d) where we have solved Eq. (7)
numerically. At long times, the scaling parameter always
approaches a finite value: λ2(t = ∞) = (ω20/ω2f + 1)/2,
independent of the entropy production rate, and the vis-
cosity, ζ [29]. Therefore, in hydrodynamics it is natural
to conclude that the gas has thermalized in the final har-
monic potential with frequency ωf .
The particular thermalization dynamics observed here
offer a rather convenient and direct way to measure hy-
drodynamic coefficients and vice versa. As suggested ex-
plicitly by Eq. (7), the thermalization time inferred from
this analysis scales as:
0 5 10 15
0
5
10
15
20
0 5 10 15
0
5
10
15
20
25
0 5 10 15
0
5
10
15
20
25a)
Ω(t)ω0
ωf tth/2 ωf t
ωf tωf t
λ2 (
t)
λ2 (
t)
b)
c) d)
λ2 (
t)
-th/2
Figure 3. Reversible versus irreversible non-equilibrium dy-
namics. a) The frequency of a harmonic potential in a time-
reversible cycle, Eq. (5). b), c) the scaling factors for re-
versible dynamics as a function of time when th is commen-
surate and incommensurate with pi/ωf , respectively. We have
chosen ω0 = 5ωf for the simulations. d) The scaling factor
for reversible dynamics for viscosities ζ˜ = 0.1 (solid black
line) and ζ˜ = 0.4 (red dashed line) when th → ∞. The ther-
malization time, τ , is inversely proportional to the viscosity
coefficient ζ˜.
gg*
Figure 4. Schematic of conformal tower states. At the critical
point g∗ with dynamical critical exponent z = 2, there is an
emergent SO(2, 1) symmetry, and the spectrum consists of a
set of equally spaced conformal tower states. Away from this
point, the conformal tower states are randomly scrambled, as
suggested by the thermalization in our hydrodynamic study.
τ ≈ 2
ζ˜
∝ ξ2 (9)
where the scaling relation is also directly inferred by the
dynamical critical exponent z = 2, and again the corre-
lation length can be replaced by the scattering length in
atomic gas experiments. τ becomes infinite as ξ becomes
infinite at critical points, although the intrinsic scattering
time is always finite and short.
The thermalization suggested by the hydrodynamic so-
lution at finite correlation lengths implies that many-
body chaos has likely developed among the highly excited
states. Even in a perfect harmonic trap, the number of
highly excited micro-states with energy E/N  N1/3 is
exponentially large: DH(E,N) ∼ exp(3N ln(E/N1/3)),
much like a box potential. Away from the quantum
critical point, generic interactions in this highly-excited
manifold are expected to scramble the conformal tower
5states within each tower, see Fig. (4), and likely result
in a band of states with exponentially small energy dif-
ferences. This will result in the thermalization of the
quantum gas. We expect the physical properties will not
depend on the initial quantum state, and its initial state
will not be retrievable at any large time [31].
Indeed, in a previous study [20] we have shown that a
microscopic description of the dynamics in the vicinity of
critical points can be fully characterized by a universal
V matrix; a four-fermion interaction operator that is a
natural extension of the thermodynamic contact [32, 33].
Following the general random matrix approach to highly
excited states, we speculate that the V -matrix will have
similar random character. Namely, the highly excited
spectrum within a given conformal tower will be scram-
bled or distorted according to random ensemble theories
[34, 35]. This random scrambling could result in an ex-
ponentially large number of randomly shifted eigenfre-
quencies. We have indeed numerically observed Wigner-
Dyson statistics induced by a random four-fermion oper-
ator, acting on 70 many-body conformal tower states.
Such many-body chaos can lead to an effective ther-
malization in an isolated quantum system. What has
been observed in this hydrodynamic analysis is fully con-
sistent with this generic thermalization paradigm. In
this regard, the emergent conformal symmetry appears to
be sufficient to prevent far-away-from-equilibrium states
from being thermalized, although the system is not inte-
grable.
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